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In this paper, we introduce statistical convergence of triple sequences which are defined in a topological space.
Various results on statistically convergent triple sequences are produced by using the notion of triple natural density
operator. Moreover, we initiate the concept of s*-convergence of triple sequence and establish the interrelationship
among s*-convergence and s-converegnce. We see that the first one implies the second one but it’s not vice-versa. But
if we restrict the triple sequences to hold the property of first countability, we verify that these notions becomes
equivalent. Finally, we prove that the family of all statistically convergent triple sequences under some conditions
generates a topological structure within the topological space where they have been defined.
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RESUMEN

En este articulo, introducimos la convergencia estadistica de sucesiones triples definidas en un espacio topolégico. Se
obtienen diversos resultados sobre sucesiones triples estadisticamente convergentes utilizando la nocién del operador
de densidad natural triple. Ademds, iniciamos el concepto de convergencia s* de sucesiones triples y establecemos la
interrelacién entre la convergencia s* y la convergencia s. Observamos que la primera implica la segunda, pero no
ocurre lo contrario. Sin embargo, si restringimos las sucesiones triples a cumplir con la propiedad de primer numerabilidad,
verificamos que estas nociones se vuelven equivalentes. Finalmente, demostramos que la familia de todas las sucesio-
nes triples estadisticamente convergentes, bajo ciertas condiciones, genera una estructura topolégica dentro del espa-

cio topolégico en el cual han sido definidas.

Palabras clave: convergencia estadistica, sucesién triple, espacio topoldgico.

I. INTRODUCCION

THE INITIAL study of statistical convergence of
real / complex sequences started back in the mid of
twentieth century. At that time this conception was
extensively examined by Fast[1], Schohenberg[2],
Buck[3] independently. In the next three decades

researchers had shown little interest in exploring
this notion. But once the articles on statistical
convergence by Fridy[4] and Salat[5], came into
literature, it got the real momentum. After that many
researchers introduced this convergence concept of
sequences in various environments in different
aspects. It has been explored in different types of
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spaces like locally solid Riesz space by Mohiuddine
& Alghamdi[6], Albayrak & Pehlivan[7], topological
group by Cakalli[8], Maio & Kocinac [9], intutionistic
fuzzy normed space by Karakus, Demirci, &
Duman[10], Kumar & Mursaleen[11], Mohiuddine
& Savas[12], locally convex space by Maddox[13]
and so on. The notion of statistical convergence in
double sequence has been initiated by Tripathy[14],
Mursaleen & Edely[15] and Moricz[16] indepen-
dently around the same time. Several mathema-
ticians studied statistical convergence of real or
complex double sequences via summability since
starting of twenty first century, for instance Belen,
Mursaleen, & Yildirim[17], Demirci & Kara-
kus[18][19], Edely & Mursaleen[20]. In the same
context, Mursaleen, Cakan, & Mohiuddine[21]
established more results on statistical convergence
of double sequences by introducing generalized
statistical convergence and statistical core. In the
year 2007, Karkaus & Demirci[22] extended the
study of statistical convergence in probabilistic
normed spaces and after those different forms of
statistical convergence of double sequences like
lacunary statistical convergence introduced by
Mohiuddine & Savas[23], generalized statistical
convergence Savas & Mohiuddine[24], A-statistical
convergence Savas & Mohiuddine[24] and many
others are studied in the same environment.

In the uncertain environment, Tripathy &
Nath[25] introduced the concept of statistical
convergence by considering sequences of complex
uncertain variables. Das, Tripathy, Debnath, &
Bhattacharya[26][27], Das, Tripathy, & Deb-
nath[28], Das, Debnath, & Tripathy[29], Das &
Tripathy[30] extended this study by considering
complex uncertain double and triple sequences in
all five aspects of uncertainty. The main aim of this
research work is to introduce the same notion of
statistical convergence in a topological space by
considering triple sequences. We establish various
properties of statistically convergent triple
sequence defined in a given topological space up
to some extent. We also initiate the concept of s* -
convergent triple sequence in the same structure
and show that s*-convergence of a triple sequence
implies its statistical convergence therein. At the
end we show that the collection of all statistically
convergent triple sequences under some given
conditions generates a topological structure on a
non-empty subset of the topological space in which
the triple sequences are defined.
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The main objective of this study is to generalize
the concept of statistical convergence for triple
sequences within a topological space and explore
their key properties. The specific aims include:

i) To define and analyze statistical conver-
y
gence for triple sequences in a topological
context.

(i) To introduce and study the notion of s*-
convergence and its relation to statistical
convergence.

(iii) To demonstrate that the family of statisti-
cally convergent triple sequences can
generate a topological.

Therefore, this manuscript contributes signifi-
cantly to the field of mathematical analysis by
extending the concept of statistical convergence to
triple sequences in topological spaces —a direction
scarcely explored in current literature. The
importance of this contribution lies not only in the
novelty of the triple sequence approach but also in
its theoretical robustness, which paves the way for
further generalizations in functional analysis,
topology, and uncertainty modeling. Techno-
logically, the proposed framework could support
computational models that handle multi-indexed
data in complex systems[31]; Das et al.[32]. Metho-
dologically, it provides an expanded toolbox for
analyzing convergence in abstract spaces, which is
crucial for the development of advanced theories
in summability, fuzzy logic, and neutrosophic
analysis[15];[33];[5]. These theoretical advancements
not only enrich the mathematical discourse but also
offer applied benefits in areas like signal processing,
stochastic modeling, and artificial intelligence where
multidimensional uncertainty and convergence
behavior play essential roles[23];[34].

The methodology is based on theoretical
mathematical analysis, utilizing topological
properties, density operators, and convergence
principles. We follow a deductive and axiomatic
framework to establish definitions, propositions,
and theorems relevant to the convergence behavior
of triple sequences.

Thus, we now procure some fundamental
concepts and results on triple sequences; those will
be used throughout the paper.
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II. PRELIMINARIES

We know that the study of statistical conver-
gence of sequences based on the concept of natural
density. In the following we present the very basic
definition of convergence of triple sequence and
statistical convergence of the same via triple
natural density.

a. Definition[35]

A real triple sequence {x,,;} is said to be
convergent to L in Pringsheim’s sense if for every
& > 0, there exists N(&) € N such that

|x,; — L] <& whenevern= N,k =N,l =N
b. Definition[35]

A subset K of NxN XN is said to have a
natural density (sometimes we call asymptotic
density) 63 (K) if

lim K®@anl

par

85(K) = exists

p.q,r—oe

where, the vertical bars denote the numbers of
(,m,n)inKsuchthatl<pm<gandn<r,

¢. Definition[35]

A real triple sequence {x,;;} is said to be
statistically convergent to the number L if for each
>0

8;{(n,k, 1) ENXNXN: |x,, — L| = €}) = 0.

III. MAIN RESULTS

In this section, at first, we introduce statistical
convergence of triple sequences which are defined
in a topological space. Various results on
statistically convergent ftriple sequences are
produced by using the notion of triple natural
density operator. Moreover, we initiate the
concept of s*-convergence of triple sequence and
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establish the interrelationship among s*-conver-
gence and s-converegnce. We see that the first one
implies the second one but it’s not vice-versa. But
if we restrict the triple sequences to hold the
property of first countability, we verify that these
notions become equivalent. Finally, we prove that
the family of all statistically convergent triple
sequences under some conditions generates a
topological structure within the topological space
where they have been defined.

a. Definition

A set Ain Nx N x N is called the statiscally
dense if it has unit triple asymptotic density.

It is obvious that

dNXNXxN)=1landsod(NXxNxN—-A) =
1-d(4),
forevery Ac N X N x N.

In the following, we consider an example,
where we observe a triple sequence having zero
triple density.

b. Example

Let us consider a triple sequence {xy,,}
defined as following

1, if l <m<nareprime

Ximn =
0, otherwise

We take a §-neighborhood of 0 and see that

d({({,m,n) e NX N X N: x;,,,, € A})

[{(,m,n) ENXNXN:x,,, €A)}

Imn 0

= lim
Im,n—o0

Therefore, the above set has asymptotic triple
density 0.
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¢. Definition

A triple sequence {x;,,,} in a topological space
(X,3) is said to be a statistically convergent triple
sequence to a point x € X (in short, s-converence)
if for any nbd U of x, the set {({, m,n) € N x N x
N: X1, € U} has zero asymptotic triple density.

If a triple sequence {x;,,} s-converges to x,
then we write

x=s- lim x or x = X,
Li,n—00 Imn Imn s

d. Remark

If we take the usual topology on real line, then
from the above Definition 3.3, we can deduce that
the set A = {(I,m,n) € N x N x N} with unit triple
natural density such that the triple sequence
{Ximn} converges to x, in Pringsheim’s sense, i.e.,
for any nbd U of X, there exists a natural number
mg such that for all [,m,n = mg and (I, m,n € A),
we have Xy, € U.

e. Definition

Let {Xim;n,} be a subsequence of the triple
sequence {X;n, } and K = {(l;, m;,n;: i, j, k € N)}.

If d(k) = 0, we say that the subsequence has
zero triple density or a thin triple sequence.

f. Definition

A subsequence {x;m n,} of a triple sequence
{Ximn} is said to be statistically dense in {x,,,} if
the set {(l;, m;,ny:1i,j, k € N)} is statistically dense
in N XN xN:.

g. Definition

Let {x;,,, } be a triple sequence in a topological
space (X,3). The triple sequence is said to be s*-
convergent to a point x in X if there exists a set A
having unit triple natural density such that
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lim
Im,n—co
(l,mneA)

Ximn = X

and we write s*-lim x;,,,,, = x.

In the following, we present an important
result which gives the relation between
convergence and s -convergence of triple
sequence.

h. Theorem

If a triple sequence {x;,,} in a topological
space (X,J) converges to a point x € X, then the
triple sequence statistically converges to the same
point.

Proof: Let the triple sequence is convergent to
the limit x in a topological space (X,J). Thus for
every neighborhood U of x, there exists a natural
number ny such that x;,,,,, € U,V [,m,n = ny,.

Then,

{,mn): xpn, € Uy (NXNXN) — A

Now

dINXNXxN—-4)=1-dA)=1-1=0

Thus,

d({(L m, n): Xtmn € u }) =0

Hence ftriple sequence {x;,,} statistically
converges to x.

i. Lemma

The converse of the above Theorem 3.8 is not
true in general. This claim is verified in the
following example.

j- Example
Let us consider usual topological space R and

within it we define a triple sequence {x;,,,,} as
follows:
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1, if [,m both prime

2, if m,n both prime

B = & 3, if [,n both prime
4, if ,Lm,nall are prime

0, otherwise

We know that set of prime natural number has
zero triple natural density.

Therefore, the triple sequence s-converges to
x=0.

But for obvious reason it doesn’t converges to
any limit at all.

k. Theorem
If a triple sequence is statistically convergent to
a certain limit in a given topological space, then

each non-thin subsequence of it is also s -
convergent by preserving the limit therein.

Letd ({(li, m;,ne): Yijk €g " (xlimjnk)}) =t

S
Since, X, = X, SO

151

Proof: Let {x;,,,} be a triple sequence in a
topological space (X,3) which s-converges to a
point x € X and {th,«nk} be a non thin sequence
of it.

Let U be the neighborhood of the point x. Then,
d({(,mn):x;m, € U} =0

We label the sub sequential element x;;,, e by
Yijx and take g, be a one-one mapping in such a
way that

gWijr) = Xigm my-

5
We are to prove that y; ;. — x

For that we consider a subsequence {y;p Ja K, }in
such a way that zpg, = y;,;j.x, € U and an injective
function f such that f(Zpqy) = Vi j,k,

= (gof) (zpqr) = xf[pqu?tkr.

4 ({(li'mj'nk): 9Wik) = Ximjmy, € U}) =t

ie, d ({(lip, mj,, nkr): Zogr € (gOf)_l(xzipqunkr)}) =t

, . . -1 i ;
(llp,qu, nkr).zpqre(gof) (xlipqunkr>’ llpsu, qusv,nkrsw| _

Thus, lim

u,v,w—oo uv.w

=t

i . -1 s
Now, if |{(li,mj,nk). Yijk €9 (xlipqunkr)’ ll-p su, m, SV, Ny, < W}| = ijk

Then we have,

{(lip, qu, nkr): qur € (gof)_l(xlipqunkr)} = {(ip;jq;kr): ip < i;jq < j) kr < k; qur € f_l (yiqukr)}
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Then we can say that

: . . -1 , .
(llp,qu, nkr).zpqre(gof) (xlipqunkr>’ llpsl, mj,sm, "kr5"|-

S M R -1 . :
|{(ll,mj,nk). Vijk€g (xlipqunkr>}’l‘51’ mjsm nksn|

ILmmn—-o lmmni.jk

o i -1 " PR 2
|(lp,Jq:kr)- Zpqref (.’Ylipqunkr>, ipst, Jg=I, kr5k|

= lim —
i,j,k—co i.jk
: -1
| |{(li,mj, nk). Yijk €9 (xlipqunkr)}’li <L, m<mn,<n
im
L mn—oo Lm,n
. |(ip,jq,kr):quref_1<ylipqunkr>, ip<i, quj,krsk| ,
= lim .
i,j,k—oo ijk
PR -1 - - . .
) |(lp,Jq:kr):quTEf (.’Yli m; ny ): ipst, Jg=I, kr5k|
Therefore, lim e =1

i,j koo i.j.k

and so d({(i,j, k) vy € U}) =1

ie, d{(i,j,K):y, € U}) =0

Hence the subsequence {y;;} s-converges to x.

l. Remark

If we drop the condition non-thinness from
the subsequence of a statistically convergent
triple sequence, then it may not be s-convergent
therein.

This claim is justified in the following
example.

m. Example

We consider a triple sequence {x;,,} defined
in the usual real line topology R as follows:

Xtmn .
mn, if m and n are square number
in, if | and n are square number
e Im, if l and m are square number
1
—, otherwise
Imn

It is obvious that the triple sequence
converges statistically tox = 0 € R

We now consider a subsequence {x;,,,, ;, } of
{Ximn} which is defined by X, 1, = Uk

It means that i, j, k are square numbers.

Thus the subsequence {xi,, ,mk} is a thin
triple sequence. [Since d({(i?,j% k?) }) = 0]

Hence, the triple sequence is not a s -
convergent triple sequence.

n. Theorem

A triple sequence is s-convergent iff all of its
statistically dense subsequence is also s -
convergent.

Proof: The necessary part is proved already
in the above theorem.
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The converse part can be proved very easily
from the fact that every triple sequence is
statistically dense in itself.

0. Theorem

s*-convergence of a triple sequence in a given
topological space implies its s-convergence.

Proof: Let {x;,,} be s*-convergent triple
sequence in a topological space (X,3) tox € X.

Then, for any neighborhood U of x, there
exists AENXNXN with unit triple
asymptotic density and [y, mg, ny € N, such that

Xpmn E U,V I = 1y, m = mg,n = n,.
Then, we have {(I, m,n): x;,,,, € U}
C {(lo,mo,no)} U (N XNxN - A)

Since, d({(lp,me, )} U(N xNx N —A)) =
0, so,d{(,m,n): x;p, € U} = 0.

p- Remark

Converse of the above Theorem 3.15 is not
true. This is illustrated in the example given
below.

q. Example

Instead of taking usual topology on R taken
in the example considered above, here we
define a triple sequence {x,,,,} in a topological
space X = C U {0,1}, where C is a uncountable
set, on which the co-finite topology is
structured.

Let, the triple sequence be defined on a set
Ac Xby,

P { 1, if L m,nare infinite
tmn 0, otherwise

For obvious reason d(4) = 1, [Since d(N) =1]
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From equation 1, it can be seen that the triple
sequence doesn’t converge to any limit and
hence it is not s*-convergenrt.

r. Remark

Although in the Remark 3.16, we claimed
that s-convergence doesn’t imply s*-convergent
in general. But if we add an additional condition
of countability to the topological space then the
reverse implication of the Theorem 3.15
becomes true

s. Theorem

Let {x;,,,} be a statistically convergent triple
sequence in a first countable topological space,
then it is a s*-convergent triple sequence with
the limit preservation property.

Proof: Let U; D U, D - ...... be a countable
base at the s-converging point x € X of the
triple sequence {xy,, }.

For any a€N , we assign A, =
{(l, m,n): xpnn, € U}

Thus, we have A; D A, D -+ ... and each of
the set has triple asymptotic density unity.

We suppose (i1,j1,k1) € Ay . Then, there
exists (iy,ja, ky) € Ay, with iy, =iy, j, = j1,ky 2
ki such that for all ([, m,n) = (i, j,, k), we
have

|A2(l,m,n)[ — |{(p,q,r)€A2:pSl,qu,rSn}| >
Ilmn lmn

1
2
[Since d(4,) = 1]

In the similar manner, we get (iy, ja, kq) € Ag
Wlth (illjllkl) < (iz,jz,kz) < el K
(ig Jar ko) such that foralll =i, m=j,andn =
k

a»

[Ag(mm)| _ [{(p,g1)€AgpSLgsmr<n}| ] — 2
Imn Ilmn a’
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We consider the set Ac Nx N x N in such a
way that if (i, j, k) < (iy, 1, k), we have (i,j,k) €
A and whenever (i, ], k) < (i1, /1, k1), (i, j, k) € Aif
j=1 and whenever (igjoka) < (), k) <
(la+1,Ja+1,ka+1), (L), k) € AT (i, ], k) € A,

LetA = {(Il,ml, nl):il < [2 < R < ms <
My <My <o}

In this scenario, if (ig, ja ke) < (L m,n) <
(ig+1,Ja+1,kg+1), then we can write

Admm| | JAalmm| 1
Imn Imn a

and thus triple natural density of A is 1.

We now show that lim xp,, =
1,m,l—oo

Ji_)qi X1 mgng = %, forall (, m,n) € A.

Let V be a neighborhood of the point x such
thatU, c V.

For {mn)eAd with =i, m=j,,n=k,,
We can find b = a such that

(s s Bep) & omam) & (ginedpins Kgai)

Therefore, (I, m,n) € A,.[by the definition of
Al

Then for any (I,m,n) € Awithl =i, m=>=
jon=kp, xpp, €U, c U, cV

Hence, lim x; ,, » =x. In other words,
a—oo  alllalta

W

5
X meng X

t. Theorem

Let {x;,,, } be a statistically convergent triple
sequence in a topological space (X,3J). Then
addition or exclusion of finitely many terms
from the triple sequence doesn’t affects its s-
convergence.

Proof: Let {x,,} converges statistically to
x € X. Then, for any open neighborhood U of x,
we have d({({, m,n): x;,,,, € U}) = 1.

We now add a finite number terms, say
Y1, Y2, .., Y3 to the triple sequence {x;,,} and
label the new triple sequence as {z;,,} and put
the new elements as yyx = 2, n,

Then, d({(iui! k):zijk € U})

= d({G). 1) zympm, € U}) +
d({G.jk):x €U =0+1=1.

Hence, the new triple sequence after adding
finite elements s-converges to the same limit.

After exclusion of finite elements from the
triple sequence, this result can be established by
following same technique.

u. Theorem

Let A and B be two nonempty subsets of
topological space (X,3). Let the triple sequence
{Xnn} converges statistically to AUB. Then
there exists a subsequence of the triple sequence
which s-converge to either A or B.

Proof: Let us consider a triple sequence
{Ximn} which s-converges to xin AUB. We

construct a sequence {z;} defined by {z; = x;,},
for all l € N.

Let U be any neighborhood of x in AUB.
Then, d({l:z, € U}) = 1 and {z;} € AUB.

By the Theorem 3.11, at least one of the set A
or B must include a non-thin subsequence of
{z,} which statistically converges to x.

Let us suppose A is the set and {z, } be the
subsequence.

Let us consider a triple sequence {yymn}
which is defined by yyn,, = 7, V[, m,n € N.

Once again by the Theorem 3.11, every non-
thin subsequence of statistically convergent
triple sequence is itself s-convergent and so z;,
5

- X
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Hence d({(m,n) € NXN:y,,., € U}) =0,
uniformly for all k and thus {yy,,,,, } s-converges
to x.

v. Theorem:

Let {x;,,} be a triple sequence which
converges statistically. If {x,} is a sequence
constructed from {x;,,,} im such a way
that x, = x;, for ,m,n > p. Then the triple
sequence {Y;n,} defined by Yimn =
x;, for all m,n € N, is statistically convergent to
some limit.

Proof: Since {x;,,,,,} statistically converges to
x, then for any open set U containing x we have,
d({(L m,n, ): xhﬂn € U}) = 1'

So, d({p: x, € U}) = 1, since x,, = X, for
some [,m,n > p.

Now, d({(l, m,n): yimn &€ U} = d(N x N x
N—{p:x, eUP =d({p:x, €eU})=1-1=0

Therefore, {yimn} 1is also statistically
convergent to x.

w. Formation of topology:

Let X be a nonempty set and § be the
collection of all s-convergent triple sequence
whose range is X. The limit to which the triple
sequence is converging statistically, let’s call

From the Theorem 3.22,

them the s-limit of the triple sequence. Let us
define any subset A S X as open set iff it
satisfies the following condition:

There doesn’'t exist any statistically
convergent triple sequence outside A whose s-
limit lies inside A.

The family § of such sets (what we call open
sets) forms a topology on X.

Proof the above claim:

¢, X are obviously member of , since there
doesn’t exists any s-convergent triple sequence
outside X and ¢ can’t possess any triple
sequence.

Let, {A,:a € A Abeingthe index set} be the
class of arbitrary numbers of open sets and

A= UaeA Aa.

Let {x;pn)} € X — A, V@ € A and since A, €
&, so the limit of {x;,,,,,} doesn’t belong to any of
A, and thus not in A. Therefore, A also belongs

to §.

Let, 4;,(i=12,...,n) be finite number of
open sets in ¥ and let {x,,,} be s-convergent
triple sequence which lies outside N, 4;. If
possible, let this triple sequence has its s-limit
with NI, 4;.

least one of X—-UL 4 and

A, N (X - Ui, Ai) ul (X-4,) n( i) Ai) must possess s-convergent triple sequence whose

i+p itp

range is thinner that of {x;,,,,} and also possess the s-limit.

If 3 {yimn} € X — UL, A; whose range is a subset of the range of {x;,,,,} having s-limit x in N;_; 4;
Ui, 4;, then we arrive at a contradiction that U}, 4; is open.

So, Apn(x— }LlAi) U (X—Ap)n(

ixp

) contains a s-convergent triple sequence {¥;n, }

whose range and s-limit limit follow the same as above.
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Thus at least one of | 4, N (X - UL, Ai) and | (X —4,)n (U’,{Ll A,-) contains s-convergent triple

izp

ixp

sequence say {Z;,,, } which follows the above condition for range compared to {y;,;,,}-

Let| 4, N (X - Ui=q A,;) contains {Z;,, }-

ixp

n

Then, elements of {z;;,,,,} in (X - UL, A,;) having s-limit x is in Ui~ A;, which is a contradiction that

i=p
finite union open sets are open.

izp

Hence, there doesn’t exist any statistically convergent triple sequence in X — Ui, 4; which has s-

limitin N, 4; and so N;Z; 4; is open.

Therefore, (X, ) is a topological space.

An extensive study can be made of statistically convergent triple sequence in this topological space.

IV. CoNcLuSsION

The exploration of statistical convergence in tri-
ple sequences within topological spaces has
undergone significant advancements in recent
years. This study contributes to the ongoing
discourse by introducing novel concepts and
methodologies that enhance our understanding of
convergence behaviors in complex mathematical
structures. Recent literature underscores the
importance of extending statistical convergence to
triple sequences. For instance, Granados, Das, and
Osu introduced the MAm,n,p-statistical conver-
gence method, providing a new framework for
analyzing triple sequences in topological spaces[36].
This approach has been instrumental in establishing
inclusion relations between traditional statistical
convergence and the newly proposed method.
Further developments have been observed in the
context of non-Archimedean fields. The work by
Sahiner and Tripathy delves into statistical
summability for triple sequences over such fields,
offering characterizations that bridge the gap
between statistical convergence and summability
methods[37]. This research highlights the versati-
lity of statistical convergence concepts across
different mathematical domains.

The concept of ideal convergence has also been
extended to triple sequences. In their 2023 study,

Sahiner et al. examined ideal convergence in
random 2-normed spaces, providing insights into
the behavior of triple sequences under this
convergence criterion. Their findings have
implications for the broader understanding of
convergence in probabilistic and fuzzy environ-
ments. Advancements have not been limited to
theoretical constructs. Practical applications have
emerged, particularly in the analysis of sequences
of functions within neutrosophic normed spaces.
Khan, Khan, and investigated statistical conver-
gence in such spaces, introducing notions of
statistical pointwise and uniform convergence[38].
Their work demonstrates the applicability of
statistical convergence concepts in handling
uncertainty and indeterminacy in mathematical
models. The study of rough convergence has also
seen notable progress. Esi et al. explored the rough
convergence of p-Cauchy sequences of triple
sequences, examining the relationships between
cluster points and rough limit points[39]. This
research provides a deeper understanding of
convergence behaviors in sequences that do not
conform to traditional convergence criteria.

Moreover, the integration of statistical conver-
gence with Wijsman convergence has been a focal
point of recent studies. Esi and Subramanian
introduced the concept of Wijsman rough
statistical convergence for triple sequences,
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establishing criteria for convergence and exami-
ning the properties of the set of limit points[40].
Their findings contribute to the broader discourse
on convergence in metric and topological spaces.
The intersection of statistical convergence with
fuzzy and probabilistic frameworks has also been
explored. Altaweel et al. adapted ideal conver-
gence theories to fuzzy metric spaces, expanding
the applicability of statistical convergence
concepts to environments characterized by
uncertainty and imprecisiéon[41]. In the realm of
topology, the work of Zhou, Liu, and Lin on
topological spaces defined by convergence offers
a fresh perspective on how convergence concepts
can define and influence topological struc-
tures[42]. Their research underscores the
foundational role of convergence in shaping the
properties and behaviors of topological spaces.

The cumulative insights from these studies
underscore the dynamic and evolving nature of
statistical convergence in triple sequences. The
integration of new methodologies, the extension
to various mathematical frameworks, and the
exploration of practical applications collectively
enhance our comprehension of convergence
phenomena. As research continues to advance, it
is anticipated that these developments will foster
further innovations in mathematical analysis and
its applications across diverse scientific fields.
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